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ABSTRACT

The aim of this paper is to study a fair game model, which is
described by a random walk in one dimension. The method of
moments, as in Depauw and Derrien (2009) and Lam (2014), is
applied to prove that this process converges in distribution to a
normal law. Especially, the moment of a random walk will be
computed in details. This is an extension of Lam Hodng Chuong
and Duwong Thi Bé Ba (2017).

TOM TAT

Mouc tiéu chinh ciua bai bao la nghién ciru mé hinh tro choi cong
bang dwoc mé ta béi bube di ngdu nhién trong khéng gian mot
chiéu. Sir dung phirong phdp moment nhw trong cdc bai bdo ciia
Depauw and Derrien (2009) va Lam (2014) d@é chirng minh qud
trinh dang xét hii tu theo phdn phéi dén phan phéi chudn. Pdc
biét, cac moment cua buoc di ngd~u nhién déu dwoc tinh mét céch
chi tiét. Pay la mét mé rong ciia bai bao ciia Lam Hodng Chirong
va Duong Thi Bé Ba (2017).

1. GIOI THIEU

— thua 1 ddng véi x4c sudt 1/3.

Budc di ngau nhién trong khong gian mot chiéu
1a mot chuyén dong ngiu nhién co ban di va dang
dugc nhiéu nha toan hoc quan tdm. N6 khong chi co
anh huong dén 1y thuyét x4c sudt ma con c6 nhiéu
g dung dugc ap dung trong thuc té. Ban doc c6
thé tham khao thém & céac tai liéu Norris (1998),
Ross (2010) va Zeitouni (2006). Trong pham vi bai
bao nady chung ta nghién ctru md hinh ctia moét trod
choi cta hai dbi thi A va B ma c6 xac suét thing,
hoa va thua 1a nhu nhau. Bay con dugc 1a mo6 hinh
trd choi cong bang dugc mé ta vé mit toan hoc nhu
sau: Ong A c6 s6 von ban dau l1a X dong va sau moi
van choi thi

— théng 1 ddng véi xac suat 1/3,

— hoa vbn véi xéc sudt 1/3,
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Khi d6 ching ta can nghién ciru xem s tién cua
ong A co thé thu dugc sau N van 1a bao nhiéu? No
6 tuan theo mot quy luat xac suat gi hay khong? Bé
giai quyét van dé nay, ta xay dyng mo hinh toan hoc
nhu sau: Goi X, (ddng) 1a sb tién cua ong A sau
van thir n, (n > 0) vakhong mét tinh tong quat ta gia
sir X =0 1a 56 vén ban dau cua ngudi choi. Khi d6
(Xn)n>0 1a qua trinh ngau nhién voi tap gia tri trén

7. N6 con goi 1a bude di ngdu nhién can bang trén
khong gian trang thai mot chiéu ma co cuong do
dich chuyén sang phai hoic sang trai 1 don vi hodc
khéng dich chuyén 1a nhu nhau. Chi tiét hon, xac
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Suit chuyén cua no tai vi tri bat ky K € Z ¢ thoi
diém n >0 duoc cho bai cac biéu thuc sau

P{X .3 =k +1] X, =k}=1/3,
P{X,q =k| X, =k}=1/3,
P{X,q =k 1] X, =k}=1/3,

Toan tir Markov twong ung véi budc di ngau
nhién trén 13 f — Pf duoc xac dinh boi

PF(Xq) = B[ f(Xpyq) | Xp |, vn 20

Trong d6, f la ham do dugc, bi chan trén khong

gian trang thai cua budc di 1a Z . Cu thé, véi md
hinh cua budc di dang xét, ta luén c6

1
PE(K) =~ [f(k-D+f(k)+ f(k+D)].
3

Trong Lam Hoang Chuong va Duong Thi Bé Ba
(2017), cAc tac gia da dwa ra mo hinh budc di ngau
nhién chi c6 dich chuyén sang phai (thing) va sang
trai (thua) 1 don vi véi xac suat nhu nhau la 1/2. Khi
d6 mét dang cta dinh 1y gigi han trung tam duoc chi
rado la

X\/DL)N(OJ),

khi n — +o0. Trong biéu thic trén, —°2 5
ky hiéu cho hdi tu theo phan phéi cia cac bién ngau

nhién va & (o, 52) 1a luat phan phdi chuan véi trung

binh 0 va phuong saio’ . O do, céc tac gia di xap xi
cac moment bac k =1,2,3,... ciia Xy dé co gidi han
hoi tu dén cidc moment bac k=123,.. cua
z~N(01).

Nhu vay mo hinh trong bai bao ching ta dang

xét tong quat hon trong Lam Hoang Chuong va
Duong Thi Bé Ba (2017). Hon nita, cac moment bac

k=1,2,3,.. ciia X, s& dugc tinh ra két qua cu thé
ma khong can théng qua viée ding phuong phap xip
Xi. Ta ciing c6 mot dang cta dinh Iy gic’yli han trung
tdm ctia mo hinh tro choi céng bang (thang — hoa —
thua) nhu sau

Dinh Iy 1.1 Cho (X ), 12 budc di ngau nhién

c4n bang nhu trén. Khi d6 ta c6
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Céu trac cua bai bao duoc sap xép nhu sau. Muc
2 trinh bay phuong phéap chiing minh duoc st dung
trong bai bao. Chirng minh chi tiét Dinh 1y 1.1 dugc
dua ra & Muc 3. Cubi cung 1a phan két luan van dé
6 Muc 4.

2. PHUONG PHAP NGHIEN CUU

| Khi n > 4o

i | pa

Trong 1y thuyét xac sudt co rat nhiéu phuong
phap khac nhau dé nghién ciru phan phdi gigi han
clia cac bién ngau nhién nhu phuong phap ham dic
trung (Brown, 1971), phwong phap toan ti, phuong
phap xap xi martingale (Alili, 1999; Kozlov, 1985;
Mathieu, 2008). Trong phan nay, ching ta nghién
ciru thém phuong phap moment 1a phuwong phap
chang minh sy hoi tu theo phéan phdi théng qua viéc
chang minh sy hoi cua diy cac moment cuia bién
ngau nhién. Phuong phap nay duoc gioi thidu lan
dau boi Pafnuty Chebyshev dé chimg minh dinh ly
gi6i han trung tam. N6 dugc phat biéu dudi dang hé
gua nhu sau

Dinh ly 2.1 (Billingsley, 1995) Cho (Z,) ;51 va
Z~ /\/'(O, 0-2) la cac bién ngau nhién cing xac
dinh trén mot khong gian xac Néu

lim E(Zn[) = E(Z[) v6i moi €=1,2,3,... thi
nN—o0

Z, hoi tu theo phan phéi dén z khi n — o.

suat.

Ta nhic lai rang Z ~ /\/(0, 02) thi, véi mdi
0=12,3,...,tacd

0 khi

E(Z[): (20! 2k

k!2k

(=2k-1

2.1)

khi ¢ =2k.

Trong phan tiép theo, ta s& van dung Dinh 1y 2.1
cho Z, =X, /vn va phan phéi gisi han Ia
Z ~ N (0,2/3). Khi do ta can chi ra ring

14
lim E Xn :E(z[)’V(')’im()ile,Z,&...
Nn—o0 \/;
Ta c6 bd d& co ban sau lién quan dén dén

tong cac so tu nhién va cac dang ma rong cua no.

B6 dé 2.2 Téng n sé ty nhién du tién la
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1
1+2+..+n=—n(n+1).
2

Hon niia, ta ciing c6

1
12+23+...+n(n+1) =—n(n+1)(n+2),
3

1.23+234+...+n(n+1)(n+2)
= : n(n+1)(n+2)(n+3).
4

Tong quat
12.k+23.(k+1)+..+n(n+1)..(n+k -1)

1 (2.2
=——n(n+21)(n+2)..(n + k).
k+1
Chizng minh. St dung phuong phép bién doi
twong duong ta dugc két luan cua biéu thac (2.2)
nhu trén. O
3. KET QUA THUC HIEN
Ta chia Bai toan lam hai truong hop cho moment
bac lé va moment bac chan cua X,, / \/: . Trong bai
baoc cua Lam Hoang Chuong va Duong Thi B¢ Ba
(2017), cac moment nay chi tinh xap xi va lay gidi
han khi n — . O day, chung ta s& dwa ra biéu thirc
tinh cu thé cho cac gia tri nay, tir 46 dé dang lay gidi
han khi n — c. Khi d6, Pinh 1y 1.1 hoan toan dugc
chitng minh nho 4p dung phuong phap moment nhu
da gidi thiéu trong Pinh 1y 2.1.
Dau tién, ta xét truong hop moment bac 1é. Vi
phan phdi gidi han Z ~ /\/'(0, 2/3) ¢6 cac moment

bac lé E[(Z)Zk_l] =0 v6i moi k >1 nén ta cling

can chi ra cac moment bac Ié cua qua trinh dang xét
phai c6 gidi han bang 0. Hon thé, Ménh dé 3.1 sau
day con khang dinh rang cac moment d6 bang 0 do
qué trinh dang xét can bang hay c6 tinh ddi xung.
Trong chimg minh c6 sir dung phuong phap dé quy
va quy nap két hop Bo dé 2.2 trong viéc tinh tong
céc sb tu nhién.

Ménh dé 3.1 Vi mdi k =1, tacod
2k-1
El(z)™ "1=0

Chung minh. Trudc hét, ta xét truong hop k =1.
Ta can chi ra rang

E[x,]=0.

41

Tdp 57, S6 2A (2021): 39-43

Phuong trinh Poisson voi | 14 toan tir dong nhat
cho ta

(P-1)gy(m)=0,VmeZ
91(0) =0, 91(1) =1

¢6 duy nhat mot nghiém. That vay, tir phuong
trinh  (P-1)g;(m)=0 (3.1) dén dén
[99(m+1) - gq (M)]-[gq (M) — gy (M-1)] = 0.
Néu m=>2 thi dé quy theo m,m—1,...,1 ta dwoc
[91(m) - gy (M-D)]-[g9, (1) — g4 (0)] = 0.

Vi gia thiét g, (1) = g;(0) =0 nén ta duoc

gy(m)—-gy(m-1) =1.

Tiép tuc dé quy theo m—1,m—2,....1 va két hop
gid thiét g;(0) =0 ta dugc gy (m) =m.

Néu m<-1 thi d¢ quy theo mm+1,..,-1 ta
cling dugc két qua twong ty. Nhu vay

gg(m)=m,meZ (3.2

12 nghiém duy nhat caa phuong trinh (3.1). Mt
khéc, thé m bsi X, trong Biéu thic (3.1) roi lay ky
vong ta dugc

E[9y (X491 E[9; (Xp)] =0, vn > 0.

Trong két qua trén ta c6 sa dung két qua
E[E (03 (Xp40) | X )1=Elgy (X1 duoe  dp
dung tir tinh chit ky vong c6 diéu kién
E[E(X |Y)]=E[X] v6i moi bién ngau nhién X va
Y. Tiép theo, dé quy theo n,n—1,...,0 ta duoc

E[9,(Xp)1=0,vn>0. (3.3)

Cudi cting, két hop (3.2) va (3.3) ta dugc
Elg1(Xp)]1 = E[X,]=0, ¥n > 0.

Tir d6 ta c6 két luan cua Ménh dé 3.1 cho truong
hop k=1

Truong hop k=2 duoc bt dau voi viée xét
phuong trinh Poisson
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(P - |)gk(m) = gk_l(m), vme Z
(3.4)

9, (0)=0,9, (1) =1

¢6 nghiém duy nhat
gy (m) =

k-1 3i 2
mll+ X (m
i=1 (2i +1)!

_1%)m? —2%).(m? - iz)]

bang cach su dung phucng phap dé quy theo m
va B6 dé 2.2 cho cong thirc tong quat. Dy 1a mot da
thae bac [é theo m ¢6 dang

2k-1

g (M) = a1m+a3m3 +. Ay _qM (3.5)

trong @6 céc hé s6 a; R\{0} va a; =1. Mat
khac, thé m boi
vong ta dugc
ELQ) .1 (Xpq)1— EL9) (X)]
= E[g) (Xp)], vn = 0.

X,y trong biéu thac (3.4) roi lay ky

Két hop phuong phap quy nap theo k >1 va dé
quy theo n,n-1,...,0 ta dugc

E[g) (Xp)] =0, vn>0. (3.6)
Cubi cung, két hop (3.5) va (3.6) ta dugc

Elg, (Xp)] = EI(X)2¢ 110, vn > 0.

Nhu vay Ménh d& 3.1 di dwoc chitng minh. o

Truong hop moment bac chan, ta sé tinh ching
dwa vao cong thic truy hdi clia cac moment ¢ bac
thap hon véi luu ¥ rang tat ca moment bac Ié bang 0
theo Ménh dé 3.1 nhu trén. Tuong ty nhur & ménh dé
trudce, ta sé su dung phuong phap d¢ quy va quy nap
cung B6 dé 2.2 trong viéc tinh téng cac sb tw nhién
trong chiing minh.

Ménh dé& 3.2 Vi mdi k =1, taco

2k, (2K 2k k k-1
E[X, ]j(—a n-+c¢._4n +ot+on,
. \ 2
trong do ¢yl g €R va 0" =2/3. Hon

Nita, ta cling co
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2k
. X (2k)! 2k
I -n == .
”inooE{(«/ﬁj } 2 k!G

Chirng minh. Trudc tién ta xét truong hop k =1.
Ta can chi ra rang

2. 2
E[X, ]=—n.
T3

Phuong trinh Poisson

(P-1f(m=1VvmeZ
f(0)=f®=0

¢6 duy nhat mot nghiém. That vay, tir phuong
trinh

(P-DfM =1 5o

dan dén
[fy (m+1) = £ (m)]-[f (m) - f(m-1)] =

Néu m> 2 thi dé quy theo m,m—1,...,1 ta dwoc

[f (m) = fi (m=DI-[{ @) - {(0)] = 3(m-1).

Vi gia thiét (1) = f,(0) = 0 nén ta duoc
f(m) - f;(m-1) = 3(m -1).

Tiép tuc dé quy theo m—1,m—2,...,.1 va két hop

gid thiét f,(0) =0 ta dugc

3
fl(m) =—m(m-1).
2

Néu m<-1 thi & quy theo m,m+1,..,-1 ta

ciing dwoc két qua tuong tw. Nhu vay

f; (m) :gm(m—l),m eZ. (3.8)

Mt khac, thé mbai X,, trong biéu thuc (3.7)
roi lay ky vong ta duoc
E (X1~ ELf(Xp)]=1 Vn > 0.
bé quy theo n,n—1,...,0 ta dugc
E[f{(Xp)1=n,vn>0. (3.9)

Cudi cung, két hop (3.8) va (3.9) ta dugc
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3 2. 3 3 2
EL[f (Xp)] :EE[Xn ]_EE[XH]:EE[Xn 1=n
,Vn > 0.

Tir d6 ta c6 két luan cia Ménh dé 3.2 cho trudng
hop k=1

Truong hop k=2 duoc bat dau voi viée xét
phuong trinh Poisson

(P-1)f (M) =f,_ (m), VmeZ
(3.10)
£, (0)=0, f, (1) =0

¢6 nghiém duy nhat
3k
f(m)=——(m-k)(m-k+1)..(m+k-1),meZ,
(2k)!

bang cach str dung phuwong phap dé quy theo m
va B0 d€ 2.2 cho cong thic tong quat. Pay 1a mot da
thire bac 2k theo m c6 dang

2k

fi (M) =a;m+ a2m2 +a3m3 +..+aymT, (3.11)

a; eR\{o} va

sb i

trong do6 cac h¢

k
ay =3° 1 (2K)L.

Mit khac, thé m boi X,, trong Biéu thic (3.10)
roi lay ky vong ta duoc
E[f (X101 = ELfi (Xp)I = E[f 1 (Xp)],
vn > 0.

Két hop phuong phap quy nap theo k >1 va dé
quy theo n,n-1,...,0 ta dugc

1
ELfy (Xp)]= ;(n —k+)(n—k+2)..n, 612

vn >0,
1a mot da thirc bac K theo N. Cudi cung két hop

(3.11) va (3.12) ta dugc

2 4 2k

1
=—(Mm-k+D)(n-k+2)..n,vn=>0.
k!
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Khido E[X,2¥] ciing la da thitc bic K theo N

va dugc xac dinh dya vao cac gia tri cua

E[X 2] EIX o], oo ELX 02K 2] €6 dang

2k]_ (2k)! 2k k k-1

E[X S0 N o+C N
2" k! k-1

+..+ cln.

Nhu vay, Ménh dé 3.2 da dugc chirng minh. o
4. KET LUAN

Bai bao di ching minh sy ton tai mot dang caa
dinh 1y gidi han trung tim cho md hinh tr6 choi cong
bang thong qua viéc sir dung phuong phap moment.
Ngoai ra, diém mau chét trong bai toan nay & chd ta
¢6 thé giai dugc phuong trinh Poisson twong &g véi
mot toan tr Markov P . Tir d6 c6 thé tinh dugc
moment cua bién ngiu nhién mot cach chi tiét.
Chung t6i ky vong phuong phap nay c6 thé dwoc ap
dung cho cac bai toan khac c6 lién quan trong linh
vuc.
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