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ABSTRACT

In high schools, students learn the concept of the derivative from
grade 11 and in grade 12, they continue to meet the concept in the topics
such as: “Application of derivative to investigate a function”, “Anti
derivative”, “Integration”. Consequently, the derivative is a key concept
in high school mathematics. In textbooks, what were mathematical
organizations relating to the derivative? In order to contribute to the
answer to the above question, the article presents the mathematical
organisations relating to derivative and reports experimental results
obtained from High school Thot Not (Can Tho City) and High school Ca
Van Thinh (Ben Tre province).

TOM TAT

Trong truong trung hoc ph(f thong, hoc sinh dwoc hoc khadi niém dao ham
ngay tir [6p 11 va dén 16p 12, cdc em gap lai khdi niém nay trong cdc chii
dé “Ung dung dao ham dé khao sdt ham s6”, “Nguyén ham”, “Tich
phan”. Do vy, khai niém dao ham cé vai tro khd then chot trong todn hoc
pho théng. Thé thi lién quan dén khai niém dao ham cé cdc t6 chirc todn
hoc nao? Pé gop phan tra loi cdu hoi vira néu, bai bdo trinh bay cdc to
chike toan hoc ¢é lién quan dén khdi niém dao ham trong sach gido khoa
todn 11, va twong thudt cdc két quad thue nghiém thu dwoc tir Trieong trung
hoc phé théng Thot Not (TP. Can Tho) va Truong trung hoc phé thong Ca
Véan Thinh (tinh Bén Tre).

1 TO CHUC TOAN HQC: MOT TRONG
NHUNG KHAI NIEM TRUNG TAM CUA

DIDACTIC TOAN

Khai niém t6 chirc toan hoc xuit phat tir quan
niém xem hoat dong toan hoc nhu mét hoat

dong cta con nguoi: chi thé thuc hién mot kiéu
nhiém vy nao do6 trong mdt thé ché xac dinh. Doi

hién (know — how) va dua ra nhiing ly gidi cho
qué trinh hanh dong trén co s Iy thuyét toan
hoc lién quan (knowledge); va tir 6 khai niém “t6
chic toan hoc” (tiéng Anh: praxeology hodc
organisation; tiéng Phap: praxéologie) da duoc dwa
ra gém bdn thanh phﬁn: kiéu nhiém vu T, k¥ thuat
r, cong nghé 6, ly thuyét @ va dugc md hinh
hoéa nhu sau:

v6i toan hoc, cac nha didactic toan (theo Besso va

ctv, 2010) lap luén réng khi tién hanh mot nhiém

[T,7,60,0] )

vu toan hoc, chu thé phai biét “cach thirc” thuc
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Mo hinh ndy cé ¥ nghia 1a: mdi hoat dong ctia
con nguoi déu nham thyc hién nhiém vu t thudc
ki€u nhiém vu T nao né nho st dung ky thudt 7,
T dugc giai thich boi cong nghé @ va cudi cung

B1.Kiéu nhi¢m B2.K§ thujt
vu (néu dang (trinh bay cach
toén cAn xem [ &idi cho dang

xét) toan néu ¢ B.1)

N J

~

Cach thirc thuc hién nhiém v
(hodc quy trinh hanh dong de
hoan thanh nhiém vu)
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cong nghé @ dugc hop thic hoa boi 1y thuyét O .
Mo hinh (1) da dwoc tac gia Nguyén Phi Loc
(2014) dien giai lai nhu sau (xem Hinh 1).

B4. Ly thuyét
(hop thirc hoa
tri thirc & b.3;
chi rd 1y thuyét
lam co s¢ cho
tri thirc 6 B.3)

B3. Cong nghé¢
(néu ra cac tri
thire lam co s&;
1y gidi cho k¥
thuat giai ¢ B.2)

N J

~

Tri thire va Iy thuyét dwoe ding
ly giai cho cach thirc thuc hién
nhiém vu

Hinh 1: So' d6 dién gidi cac thanh phén ciia “t6 chirc toan hoc” (Nguyén Pha Ljc, 2014)

2 LUQC KHAO TAI LIEU

Vé giang day khai niém dao ham trong truong
trung hoc phd thong co nhidu tic gia trong nudc
ban luan. Téac gia Nguyén Pha Loc (2010) cho rang
cac khai niém Giai tich c¢6 tinh phirc tap ndi tao
cao; do vay, chung rat kho nhan thire ddi véi hoc
sinh. Riéng ddi v6i khai niém dao ham, Nguyén
Phu Loc (2010) bang cach tiép lich sir va tiép can
ly thuyét Didactic toan da chi ra rang c6 “chudng
ngai nhan thirc” (cognitive obstacle) cho nguoi méi
tiép xtic khai niém nay. Trong mot nghién ciru cia
minh, tic gia Lé Anh Tuan (2009) tap trung nghién
ctru cac ung dung cua khai niém dao ham, cac van
dé lién quan dao ham va tich phan. Ciing nghién
ciru vé dao ham, tac gia Nguyén Thi Mai Lién
(2008) da hé thong hoa lai cac dang toan c6 c6 g
dung dao ham dé giai. Ngoai cac cong trinh trong
nudc dang chl y néu trén, cd hai tac gia nudc ngoai
nghién ctu vé sy biéu dién (representation) cia
khai niém dao ham. Téac gia Santos va Thomas
quan tim dén viéc sir dung chirc ning v& do thi cua
may tinh tay dé tao sy da biéu dién trong day hoc
khai niém dao ham. Téc gia Hahkioniemi (2006) da
chi ra vai tro cua cac biéu dién trong giang day
khai niém dao ham.

Qua céc cong trinh néu trén, chung ta thiy ring
khai niém dao ham di thu hat nhiéu tic gia trong
va ngoai nudc nghién cliru. Pong gop cla ching toi
qua bai bao nay 1a nghién ctru cac t6 chirc toan hoc
xoay quanh dinh nghia khai niém dao ham trong
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sach gido khoa hi¢n hanh, va chi ra mét sai lam
trong nhan thire cia hoc sinh vé khai niém dao ham
bang mdt thtr nghiém

3 MUC TIEU NGHIEN CUU

Khai niém dao ham co vai tro quan trong trong
chwong trinh toan phd théng. Khai niém nay thudc
trong chuong trinh toan 16p 11; sang 16p 12, hoc
sinh hoc vé khao sat ham sd, cac khai niém nguyén
ham va tich phan. T4t ca ching déu dugc phat trién
trén co s& khai niém dao ham. V& nhan thirc, vi dao
ham duogc dinh nghia thong qua viéc xét mot gidi
han dang 0/0; do véy, n6 khong dé cho hoc sinh
hiéu tn twong. Do nhitng diéu vira néu, mot cau
hoi va mot gia thuyet duoc dat ra la:

Ciu héi: Sach giao khoa Dai s6 va Giai tich 11
da bao gom cac t0 chlic todn hoc nao lién quan
khai niém dao ham?

Gid thuyét: “Trong viéc tinh dao ham bang
S )= (%)

X=X,

dinh nghia, néu giéi han lim

X=X,

(hoac

hm—) khong ton tai hiru han thi HS s& bj sai
Ax—0 Ax

1am khi két luan su tdn tai dao ham cua ham s
y = f(x) tai mot diém x,.”

Muc ti€u nghién ctru cua ching toi 1a tra 161 cau
hoi va kiém nghiém gia thuyét néu trén.
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4 TO CHUC TOAN HQC POI VOI KHAI
NIEM DAO HAM

4.1 Phwong phap nghién ciru

Dé tra 16i cau hoi duge néu ra ¢ trén (muc 2),
chung t6i da sir dung phuong phap phén tich n6i
dung. Cu thé 1a phan tich ndi dung toan hoc lién
quan dén khai niém dao ham trong cac sach giao
khoa sau day: M;: Dai s6 & Giai tich 11 (Tran Van
Hao va ctv, nam 2008); Ma: Dai s6 & Giai tich 11
nang cao (boan Quynh va ctv., nam 2007); E,: Bai
tap Pai SO va Giai Tich, 11 (Vi Tuan va ctv, ndm
2008);~E2: Bai tap Pai SO va Giai Tich 11 nang cao
(Nguyén Huy Poan va ctv., nam 2007).

4.2 Két qua va binh luin
Két qua:

Cac sach giao khoa va bai tdp trong chuong
trinh toan lg’rp 11, da dua ra 4 kiéu nhiém vu chinh
lién quan dén khai niém dao ham. Cu thé nhu sau:

Kiéu nhi¢m vu 7, : “Tinh dao ham ctia ham s6

y = f(x) tai diém X, bang dinh nghia.”

Ky thudt 7, : Tinh dao ham ctia ham s6 theo

2 . A
“kiéu”: hm—y.

Ax—0 Ax
Budc 1: Gia st Ax 1a sé gia ciia d6i s6 tai x,,
tinh Ay = f(xy +Ax)— f(xy) -
Buce 2: Lap ti s6 2Y . Buge 3+ Tim lim 2
Ax Ax—0 Ax
Chii y: Co thé b6 bude 2 (theo M, tr 186).
Hodc dung ky thuat Z';,n tinh dao ham cta ham s

S~ f(x)

x_xo

lim . Néu két

X=X

theo cach sau: Tinh

qud ¢ bude 1 hitu han thi d6 chinh 1a dao ham cua
ham sé y = f(x) tai X, -

Céng nghé 0, : Dinh nghia dao ham cta ham
$6 tai mot diém.

Ly thuyét ®,, : Phép tinh vi phan (phép tinh
dao ham).

Vidu(T,, 7,,): Vidu 1, M, tr.149
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Kiéu nhig¢m vu con T, ) : “Chimg minh ham

s y = f(x) khong c6 dao ham tai diém X,.”

K thudt riay

n.cm

) - Do thi “gdy”.

Ngoai ra c6 thé trinh bay theo k¥ thuat gi6i han
mot bén nhu sau:

Ky thuat T :

(dn.em) * Str dung dao ham mot bén.

Budc 1: Tinh dao ham trai, dao ham phai lan
SO=T00) . o SO~ (x)

x_.xo

Iuot: lim

XXy XXy X — Xy

Budc 2: Ching minh
i LO S G0) L SO ()

x_xo

XXy XXy X=X,

Cong nghé G4y, ¢y - Pinh i “Ham sO y=f(x)
c6 dao ham tai x, khi va chi khi "(x5), f"(x;)
ton tai va bang nhau. Khi d§6, ta cob
J'Gg)=f"(xg)=f"(x9)”

Ly thuyét © g, ., Ly thuyét vé gi6i han cua
ham s6 (M, tr.154)

Vi du [Tanem), T(gp o I: Vidu 1, My, tr.155

Kiéu nhigm vu Tout: “Viét phuong trinh tiép
tuyén véi d6 thi ham sé y = f(x) tai diém x,.”

Ky thugt 7, . Buéc 1, Tinh f£(x),
J'(x) = f'(x) va f(x). Bude 2, Thay f'(x,),
f(x)) va Xx,, ta dugc phuong trinh tiép tuyén
y=yo=1"(x)x=xp).

© Pinh 1i 3, M, tr 152:

tt *

Cong nghé @ ;

“Phwong trinh tiép tuyén cia dd thi (C) ciia ham
O y=f(x) tai diém  M(x); f(x)) la

y=yo=S"(x)(x=xp).”

Ly thuyét © ,,,: Dao ham va y nghia hinh hoc
cua dao ham.

Vidu (T,,,7,,): Vidu2, My, tr. 152

Kiéu nhiém vu con T ey “Tim hé sO goc tieép
tuyén cua do thi ham so.”
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Kj thugt 7.+ Tinh f'(x,) = limd D=/ &)~ mot diém A(x,;y,) khong thuge do thi ham s
(pttt,a) 0 X=X, x—xo (C)‘”

hodc f"(x,) = lim S+ A= [(x) Ky thudt 7, . - Budc 1: Viét phuong trinh
e Ax tiép tuyén véi db thi ham sb tai didm bt ky
Cong ngh¢ 6, ,,, ,,: Pinh 1i 2: (M, tr. 187): M (x03y,) nhu sau: (d):y = f"(x)(x=x;) + .-

) ) Budc 2: Vi tiép tuyén (d) di qua diém A(x,;y,)
“ DPao ham ctia ham s6 y = f(x) tai diém x, 1a

. ) ; . ; . nén ta co:
hé s gbc cua ti€p tuyén cua d6 thi ham so tai diém , .
M, (x,, f(x,)).” Ax gy )ed)=py, = 1(x)(x, =x)+y, (*)
Ly thuyét ©,, . : Dao him va ¥ nghia hinh Bude 3: Giai phuong trinh (*) tim X,

hoc ctia dao ham. Yo » f"(xg) thay vao phuong trinh (d).

Vidu (T, . >7 pu.q ) Bai todn 4, My, tr. 192. Cong nghé <., : Hudng dan (tr.205, M):
Trude hét viét phuong trinh tiép tuyén tai diém co

e Kteu; nht:e.m Yu ‘{on‘ To mib): Viet phuo*ng. Erml} hoanh d¢ x, thudc dd thi ham sb da cho. Sau do6
tiép tuyén voi do thi ham so y = f(x) cho biét h¢ ., . _,

Lok L tim x, dé tiép tuyen di qua di€m A.
sO goc cua tiep tuyen.

Ky thudt 7, , - Buoc 1: T hé s6 goc k, ta Ly thuyét © ) : Dao ham va y nghia hinh
tim x, theo cong thirc k= f'(x,). Budc 2: Tim  hoc cia dao ham.
Yo, thay  ygixpk vao phuong trinh Vi du (T .03 T(pur)) - Bai toan 25, tr.205,
Y=y =k(x—1x,) tadugc tiep tuyen. M,.

: Pinh 1i 2: (M, tr. 187): Kiéu nhiém vu T, “Tim van tdc tuc thoi cua

Cong nghé 6 i n n
chuyén dong thang tai mot thoi diém.”

(pttt,b)

“ Pao ham ctia ham s6 y = f(x) tai diém x, 1a . . )
" Deoham claham s0 = f(x) tai diem X, K7 thugt 7,,: Tinh van the tirc thoi tai mot thoi
hé s gbc cua ti€p tuyén cua d6 thi ham so tai diém . .
My (xy, f (%)) diém £, cla chuyén dong theo phuong trinh la

ham s& thoi gian s=s(f) theo cong thic:

Ly thuyét ®(pttt,b): Dao ham va y nghIa hinh V(l )_S!(t )
0/ — 0/

hoc cua dao ham.
o Cong nghé 6, : Y nghia co hoc ctia dao ham.
Vidy (T} 505 T puesy) - Bl todn 5, My, tr.156 gNBAe by - T N8 - ~

2 » » . Ly thuyét ©,, : Dao ham va cic y nghia.
Kiéu nhiém vu con Tgu): “Viet phuong trinh

tiép tuyén véi @6 thi ham sé (C): y = f(x)di qua Vidu (7,,,7,,) : Bai toan 7, My, tr.157

>

Bang 1: Thong ké s6 lwgng kiéu nhiém vu trong cac Sach gido khoa Toan 11

Ky Baitip Baitdp Baitip Baitap Tong

Kiéu nhigm vy thuit trong Mi trongEi trong M: trongE:  cfng

T, : Tinh dao ham cta ham sO y = f(x) tai

& . . T 1 0 2 0 3
diém x, bang dinh nghia. dn
Tem: Chimg minh ham s6 khong c6 dao ham. 7, 1 0 1 1 3
T?m: \ilet phuong trinh tiép tuyén véi do thi r 4 1 6 3 14
ham s0. put
Ty Tim vén toc tie thoi cua chuyén dong - ) ) 1 1 6
thang tai mot thoi diém. vt
Tong 8 3 10 5 26
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Binh ludn: Qua phén tich cac t6 chirc toan hoc
¢6 lién quan dén khai niém dao ham va cung cac
két qua ghi nhan trong bang tong hop ¢ trén (Bang
1), ching t6i nhan thay ring sé lwong bai tap & ca
hai sach gido khoa M;, M, va Ei, E; 1a khong
chénh léch nhiéu. Riéng kiéu nhiém vu “viét
phuong trinh tiép tuyén” dugc sach gido khoa chu
trong va co nhiéu bai toan cho hoc sinh luyén tap.

5 HAN CHE VE NHAN THUC KHAI
NIEM PAO HAM CUA HQC SINH

5.1 Gia thuyét

Tu cac két qua thu duoc vé t6 churc toan hoc
ddi voi khai niém dao ham va ban chét phtrc tap
trong dinh nghia khai niém dao ham; dé xac dinh
ham s6 c¢6 dao ham hay khong phai trai qua mot
qué trinh tinh toan. Chinh vi nhitng ly do vira
néu, ching toi thay can thiét kiém ching gia thuyét
vé viéc linh hoi khai niém dao ham cua hoc sinh
sau day:

Gid thuyét: “Trong viéc tinh dao ham bing
S ()= /(%)

X=X,

dinh nghia, néu giéi han lim

X=Xy

(hoac

lim —) khong ton tai hiru han thi hoc sinh (HS)

Ax—0 Ax
s& bi sai 1am khi két luan sy ton tai dao ham cua
ham s6 y = f(x) tai mot diém x,.”

5.2 Kiém chimg

Poi twong khdo sdat: Téng cong sb hoc sinh
(HS) 1a 138. HS dugc chon lam thir nghiém thudc
hai truong nhu sau: Truong THPT Thét N6t (thanh
phé Cén Tho): 11A1 (c6 33 HS, hoc theo SGK
nang cao hién hanh), 11AS5 (c6 41 HS, hoc theo
SGK co ban hién hanh) do GV P.T.K tryc tiép
giang day. Truong THPT Ca Vin Thinh (tinh Bén
Tre): 11T1 (c6 36 HS) va 11T4 (c6 28 HS) do GV
L.T.L tryc tiép giang day theo SGK nang cao hién
hanh. Thir nghiém dugc tién hanh vao cudi hoc ky
IT (khoang tir thang 3 dén thang 5 niam 2014) cua
chuong trinh toan 16p 11 nadm hoc 2013 — 2014.
Hinh thtrc thir nghiém: phat phiéu ciu hoi khao sat
HS, thu thap xir Iy s6 liéu, thong ké, dua ra két luan
6 lién quan.

Cong cu khao sat: Chung 61 str dung bai toan
sau day dé kiém nghiém gia thuyét.

Bai toin: Bing dinh nghia hiy tinh dao ham
cuahamso sautai x=0:
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— khi x#0
S(x)=9x
0 khi x=0

Cic kha ning (KN) c6 thé xay ra doi véi hoc
sinh:

KN I:“Khong giai dugc”.

KN 2: “Khong tim dugc két qua gi6i han I
+o0 (hodc tinh sai), khong két uan”.

KN 3: “Khong tim dugc két qua gi6i han I
400 (hodc tinh sai), két luan sai (ham s6 cé dao
ham tai x =0)”.

KN 4: “Khong tim duoc két qua gi6i han la
+o0 (hodc tinh sai), nhung ¢6 két luén ding (ham
$0 khong c6 dao ham tai x=0)”.

KN 5: “Tinh todn dan dén lim —— hodc
Ax—0 (A}C)
hmL bé tac khong két luan”.
x—0 x
KN 6: “Tinh toan dan dén lim ——— hoge
Ax—0 (AX)

lm(}L2 khong xé4c dinh két qua cua gi6i han nay la
x>0 x

gi nhung dua ra két luan dung”.

KN 7: “Tim duoc két qua giéi han 1a +oo,
khong ket luan”.

KN 8: “Tim duogc két qua gidi han 1a +o , Kkét
ludn f'(0) =+0".

KN 9: “Tim duoc két qua gidi han 1a +oo , két

ludn dang”. Ta cé: f(0)=0. Xét gidi han:
1o

lim 7D =SO) _pp x =1im(i2j=+oo(*).

x—0 x—0 =0 x—( x>0\ x

Ta thay giéi han (*) khong hiru han nén theo dinh
nghia dao ham ctia ham so tai mét diém ta c6 ham
s0 da cho khong c6 dao ham tai diém x=0. Co thé

giai cach khéc bai toan nay theo “kiéu 11mO 4

Chu y: Chi c6 KN 9 Ia chinh xéc.
Két qua khao sat va binh luan

Két qua: Thuc té 1am bai cua hoc sinh duoc
trinh bay trong Bang 2.
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Binh lugn: Quan sat bang sé liéu trong Bang 2,
chiing ta thay c6 117/138 (84.78%) HS khéng giai
duoc hodc bi 16i trong qué trinh giai toan. Mot mit,
phan 16n HS gap lung ting khi tinh gi6i han cua
ham s tai mot diém trong trudng hop gii han vo
cuc; va mat khac dang chu y 1a hoc sinh khong ghi
nh¢ tinh “hitu han” cda gid tri dao ham tai mot
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diém. Chi c6 21/138 (15.22%) chon KN 9; tirc 1a
giai dang hoan toan bai toan trén. Tir két qua thir
nghiém trén déy, gia thuyét ctia ching t6i néu ra c6
thé chap nhan dugc, va c6 thé khang dinh budc dau
réng khai niém dao ham la khai niém kho nhan
thirc d6i v6i hoc sinh phd thong.

Bing 2: Bang théng ké vé cic kha ning c6 thé cé ciia hoc sinh

11A5 11T4 11T1 11A1 Cac 16p
Khi niing (41 HS) (28 HS) (36 HS) (33 HS) (138 HS)
SL Tong (%) SL Tong (%) SL Tong (%) SLTong (%) SL Tong (%)
Khong tra 0 o 0, 21 3, 24
= loi (0 %) 0 %) (58.33%) (9.1 %) (17.39%)
,E, KN1 1 5 12 3 21
S KN2 3 8 1 3 15
g KN 3 4 13 1 2 20
= KN4 14 2 0 28 0 15 6 28 20 93
%" KN 5 0 (53.66%) 0 (100 0 (41.67%) 6 (84.84%) 6 (67.39%)
= KN6 0 2 % 1 0 3
2 KN7 0 0 0 2 2
KN 8 0 0 0 6 6
2 19 0 0 2 21
2 KNO 19 46342 000w  © 0009w % 605w 2 (15.22%)
6 KET LUAN toan c6 ung dung dao ham” & 16p 12 trung

Céc t6 chirc lién quan dén khai niém dao ham
trong cdc sach gido khoa toan 11, nhin chung, bao
gdém céc kiéu nhiém vu (dang toan) co ban, theo
ching t6i, phu hop voi xu huéng “giam tai” cua
gido duc phd thong ¢ nudc ta hién nay. Két qua thu
nghiém cho thay rang khai niém dao ham néi riéng
va cac khai niém trong Giai tich néi chung la
nhitng khai niém c6 tinh phuc tap “ngi tai” cao,
khé hiéu dugc mot cach thau ddo ddi véi hoc sinh
pho thong.
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