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TOM TAT: Bai viét dé xudt st dung phdn mém R dé thuc hién mé phdng theo
phuong phap Monte Carlo cac khai niém, dinh Ii quan trong trong mén hoc
Xdc sudt Théng ké & bac dai hoc. Qua kinh nghiém gidng day va hiéu biét cta
tac gid, cac giao trinh Xdc suét Théng ké dugc st dung trong da sé cac trudng
dai hoc & Viét Nam chua chu trong cac phuong phap mé phdng khi trinh bay
céc khai niém cta mén hoc. Piéu nay dan dén viéc hoc va hiéu cia sinh vién
con nhiéu han ché, dic biét la cac khai niém khé nhu khai niém khoang tin
cay, dinh Ii gidi han trung tam hay cdéng thic xac sudt Bayes. Ding phuong
phdp mé phdng Monte Carlo trong gidng day Xéc sudt Théng ké cé thé gitp

sinh vién hiéu kién thic ctia mén hoc viia truc quan viia ding ban chat.
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1. Dat van dé

Tai Viét Nam, da sd céac truong dai hoc ndéi chung
giang day Xac suat Thong ké cho sinh vién khéi nganh
Kinh té ki thuat theo kiéu thién vé thuc hanh giai toan
v6i diém chung 14 dya vao cac gido trinh xuit ban trong
nuée hogc tai liéu luu hanh ni bg. Véi sw hiéu biét cia
chung t6i va qua khao sat mot s6 dau sach Xac suat
Théng ké c6 mat trén thi truong thi ¢ Viét Nam phuong
phap Monte Carlo chua duoc dé cép cling nhu goi y sir
dung nham hd trg cho viée day hoc cac khai ni¢ém kho
tiép can va hay hiéu sai trong théng ké. Piéu nay khién
cho sinh vién khong hoc chuyén nganh Toan & bac dai
hoc hiéu khong dung ban chat cac khai niém, dinh 1i
duogc phat biéu trong chuong trinh hoc.

O cac nudc phat trién, phuong phap mé phong Monte
Carlo cling dugc nghién cuu ap dung vao giang day
Xac sut Théng ké ciing nhu cac sach viét vé Xac suit
Théng ké [1], [2]. Mot sb nghién ctru con di xa hon
bang viéc viét cac Shiny App (trong R) hodc giao du an
cho sinh vién viét cac Shiny App mo phong cho cac ndi
dung hoc trong chuong trinh mén hoc [3], [4]. Trong
bai viét nay, tac gia lwa chon khoang tin ciy cia wéc
luong, dinh 1i gidi han trung tAm dé thyuc hién mo phong
Monte Carlo nhdm cung cip cai nhin cu thé hon ciing
nhu 1am tai liéu tham khao cho cic giang vién mudn
ap dung.

2. N6i dung nghién cuu

2.1. Mo phong Monte Carlo va ngon ngii R

Phuong phap Monte Carlo 1a phuong phap mo6 phong
nho vao may tinh véi cac dir li¢u tao ra béng cac ham
tao s6 ngau nhién c6 san. Sir dung phuong phap Monte
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Carlo ta ¢6 thé mod phong mot sé khai niém cua Xac
sudt Thong ké do ta c6 thé thyc hién dugc du 1au va da
nhiéu trén may tinh ma khong can phai 1am rat nhiéu
thtr nghi€m that sy trong thé gidi thuc. Vi du sau day
mo ta cach xap xi sb p theo phuwong phap mo phong
Monte Carlo:

Dung ham tao s6 ngiu nhién trong mot ngén ngit
1ap trinh cu thé (& day ching t6i ding R va ding ham
runif(n,a,b) dé xut ngiu nhién n gia tri c6 phan phdi
déu trén khoang (a, b)) dé tao ra n = 100 diém ngiu
nhién ndm trong hinh vuéng tam tai (0, 0) va do dai
canh 1a 2 don vi trén hé truc toa d6 Oxy.

DPém sb diém nam bén trong hinh tron tam (0,0), ban
kinh 1. Gia str ¢6 r diém nhu vay.

Vé mit xac sut, néu cac diém co phan bd déu trong

hinh vuéng thi
dién tich hinh trén r dién tich hinh trén

RS =

b3
-~
ndién tich hinh vuéng 4

2| =

T

dién tich hinh vudng 4

Khi n cang 16n, ti s6 r/n cang tién vé s6 p/4. Piéu nay
cho phép ta xap xi p béi 4r/n khi n da 16n (xem Bang 1).

Céc 1énh trong R ¢6 thé nhu sau:

set.seed(123)

n<-1000

x<-runif(n,-1,1)

y<-runif(n,-1,1)

r<-length(x[x"2+y"2<=1])

pi_sim<-4*r/n

Dé thyc hién mo phong, nhiéu ngon ngit 14p trinh co
thé dugce sir dung nhu R, Matlab, Python, C, ... Nhu vi
duy trén, ching t6i ding ngon ngit R (con goi 1a phan mém
R). Pay 14 ngon ngir duoc thiét ké va str dung trong cong
dong cac nha thong ké va khong ngimg phét trién [6].



Bang 1: Két qua xap xi so pi qua md phong Monte Carlo

n 100 1000
pi_sim 3.4 3.2

10000
3.1576

100000
3.14632

Vi R ta ¢ thé tinh toan sb hoc don gian (+, -, *, /,
cin bac hai) ciing nhu cic ham s phirc tap khac nhu
logarit, lugng giac, mi,... Ngoai ra, R con 1a mot phan
mém tich hop dé thao tac dir liéu, tinh toan va trinh bay
dd hoa. Mot s6 uu diém cta R c6 thé ké dén [5]:

- Luu trr va xt 1i dit liéu hiéu qua.

- Tinh toan hi€u qua trén cac mang, dac biét la cac
ma tran.

- Co mot bo suu tap 16n, chat che, tich hgp cac cong
cu trung gian dé phan tich dir liéu.

- Ma ngudn mé voi nhiéu goi 1énh chuyén dung duge
tao ra boi cong dong st dung 16n.

- Mién phi.

R RGui (64-bit)
File Edit View Misc Packsges Windows Help

R R Console

| = o

Natural language support but running in an English locale

R is a collaborative project with many contributors.
Type 'contributors()' for more information and
*citation() ' on how to cite R or R packages in publications.

Type 'demo()' for some demos, 'help()' for on-line help, or
‘help.starc()' for an HTML browser interface to help.

Type 'g()' to quit R.

[Previously saved workspace restored]

- 3454 (-2)73

- sgre(9)-cos (pi/3)
[1] 2.5

1/0
[1‘] Inf

v

Hinh 1: Mét phan giao dién R va tinh todn don gian
trong R

2.2. Mo phéng Monte Carlo mot so khai niém, dinh li trong

mon hoc Xac suat Thong ké

Trong bai viét nay, chung t6i thiét ké hudng tiép
can giang day cac khai niém quan trong trong thong
ké hoc st dung md phong Monte Carlo. Viéc lam nay
khong thé thiéu cac cong cu hd tro va R 1a mot trong )
cac ngdn nglr 1ap trinh dugc ching t6i st dung vi tinh
don gian va mién phi cta nd. Viéc cai dat R ciing nhu
Rstudio khong thugc pham vi ctia bai viét nay.

Diém chung trong tt ca cac thiét ké day hoc c6 thé
dugc nhin thiy nhu so d6 bén dudi. Trong do, trude
hét giang vién yéu cau sinh vién thuc hién mé phong
thu cong mot thir nghiém don gian dé thyuc hién nhim
dé nguoi hoc co cai nhin ban dau vé thir nghiém s&
dugc md phong trén may tinh sau d6. Nguoi hoc sau
d6 dua ra nhan xét ban dau vé cac két qua thu duoc.
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Tiép do, giang vién din dit dé di dén mo phong lap
lai thir nghiém véi sb 1an twong ddi nhiéu trén R, vi
du 1000 1an hodc hon. Két qua cua thir nghiém sau do
duoc nguoi hoc nhan xét trude khi dugce giang vién md
rong va tong quat va phat biéu thanh cac khai niém dinh
li hay két qua lién quan (xem Hinh 2).

GV mé ta SV thyc hién SV nhén xét GV phét biéu kién
thir nghiém thir nghiém két qua thirc clia bai hoc
GV mb phong

trén R

Hinh 2: So do thiét ké hoat dong day hoc s dung mo
phong Monte Carlo.

Chung t6i s& chi md phong trén R mot sé khai niém
nhu trinh bay bén dudi, cac budc con lai nam trong hoat
dong day hoc cua giang vién nhu mo ta thi nghiém,
phat biéu kién thirc, nhan xét cta sinh vién, ... c6 thé
dugc thiét ké phu hop véi phuong phap giang day ciling
nhu muc tiéu day hoc cu thé chung t6i khong dé cép &
day.

2.2.1. Dinh li gidi han trung tam

Trong thong ké, dinh 1i giéi han trung tam dwoc phat
biéu nhur sau:

Pinh i [8]. Néu ddy X, X,, ..., X, 1a mAu ngdu nhién
kich thudc n duogc lay ra tir quan thé c6 trung binh m va
phuong sai hiru han s2, thi:

[}_,U« \/; F

o

N(0,1),

= X +X, +.+X 5
trong d6 X = TR T 1a trung binh mau.

n

X

_r
Nghia la: lim Fy (x):L e 2dt.

n—00 N J

Pinh li gidi han trung tam la mot dinh i quan trong
lam nén tang cho nhiéu lap ludn va phwong phép cia
thong suy dién nhung kho hiéu véi sinh vién khi dugc
phat biéu dudi goc do toan hoc thuan tuy. Dinh li phat
biéu rang, néu mau ngau nhién kich thude n dugc lay ra
tir quan thé c6 trung binh m va d6 1éch chuan s thi phan
phdi ciia trung binh ctia mau ngau nhién 1a xap xi chyds
N(m, s¥/n) khi kich thuéc mau n 16n. Khi d6, néu
X—p

o

Z= thi Z c¢6 phan phdi xap xi chuan tic voi n
tuong dbi 16n. Dé tiép can nodi dung cua dinh li nay vé
ban chat, chiing toi thyc hién mo phong sau trén phan
mém R:

Gieo con xuc sic sau mat 5 lan (kich thudc mau,
n = 5) lan va ghi nhan trung binh cong (trung binh
mau, Xbar). Do con xtc sic 6 mat 1a binh thuong co
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phan phdi déu roi rac nén sé chiam xuat hién c6 trung
binh p = 3.5 v6i phuong sai 6% = 35/12.

V& biéu d6 histogram cua 1000 lan ldy miu ngiu
nhién dé quan sat phan phéi cua trung binh mau (xem
Hinh 3).

Tang kich thudc mau 1én n = 10, n = 50,... dé thay
phan phdi ctia trung binh mau 1a xap xi chuan.

Tinh trung binh mean(Xbar) ctia 1000 mau ciing nhur
d6 1éch chuan sd(Xbar).

Cac dong 1énh cu thé trén R nhu sau:

set.seed(123)

n<-5

sim<-replicate(1000,mean(sample(1:6,n,replace
=T))

hist(sim,xlab="Sample mean Xbar”,main="Histogra
m”,breaks=10)

mean(sim)

sd(sim)

Frequency
0 150
Frequency
0 150
Frequency
0 150
[
Freguency
0 150

[ e e | [ (L [

123456 2 3 4 5 25 35 45 30 4.0

Sample mean Xbar Sample mean Xbar Sample mean Xbar Sample mean Xbar
(a) (b) (©) (d)

Hinh 3: Biéu do Histogram cho 1000 lan ldy méu ngdu
nhién kich thuoc n. (a) n =5, (b) n = 10, (c) n = 30,
(d) n = 50.

So sanh két qua mé phong véi phat biéu cua dinh 1i
gidi han trung tam: khi n cang 16n mean(Xbar) tién vé
o

N

u va sd(Xbar) tién vé . (xem Bang 2).

2.2.2. Khoang tin cay va dd tin cay trong bai toan udc lugng

Trong théng ké suy dién, xdy dung mét wdc luong
khoang cho tham s6 ctia quan thé 1a mot bai toan co ban
nhung khong phai sinh vién nao ciing hiéu dung thé nao
1a “khoang tin cdy 95% cho trung binh u ciia quan thé”.

St dung R dé mé phong, giang vién c6 thé gitip sinh
vién hiéu dung ban chat cia khai niém nay. Trong phan
nay, ching t6i chon tham sb trung binh quéin thé p dé
xay dung khoang tin cdy voi do tin cdy cho trude (vi

Bang 2: So sanh két qua mé phong vdi dinh li gidi han trung tam

Kich thudc mau (n) mean(Xbar)

Trung binh quén thé (m)

du 95%).

Céc budc md phong trong R c6 thé thuc hién theo ¥
tudng sau:

Lay 1000 mau kich thudc n = 25 tir quan thé c6 phan
phéi chuin chuan tic v6i trung binh p = 0 va do 1éch
chudnc = 1.

Tinh trung binh miu cta tit ca cac mau.

Tinh khoang udc lugng cho m véi do tin cay 95%.

Tinh ti 1& cac mau ma khoang tin cdy that su chira
trung binh quin thé p = 0.

Céc 1énh trong R:

set.seed(123)

conf<-function(n,alpha){

m<-mean(rnorm(n))

se<-1/sqrt(n)

za2<-qnorm(1-alpha/2)

ci<-c(m-se*za2,m+se*za2)

if (ci[1]>0 || ci[2]<0){return(0)}

else{return(1)}

H
sum(replicate(1000,conf(25,0.05)))

Bang 3 cho két qua cac trudong hop ching t6i mo
phong st dung s6 lwong mau khac nhau (1000, 10000,
50000), mdi mau kich thuéc 25 v&i do tin cay khac
nhau (95%, 97%).

Bang 3: Mot so két qua mo phong

8o lan ldy 6 mau c6 khoang udc Do tin cay
mau lugng chifa trung binh m

1000 955 0.955 95%
10000 9531 0.9531 95%
50000 47493 0.94986  95%
1000 978 0.978 97%
10000 9704 0.9704 97%
50000 48460 0.9692 97%

5 3.4870
10 3.3697 35
30 3.4920
50 3.5008

sd(Xbar)

0.7798 0.7638
0.5541 0.5401
0.3141 0.3118
0.2383 0.2415
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95% Confidence Intervals

Hinh 4: Mé phong 100 khodng tin cdy 95% cho 100 mau
kich thuoc 25. Co 4 mau trong do khodng tin cdy (mau
do) khong that su chira trung binh quan thé (m = 0).

Nhéan xét tir két qua mo phong, giang vién nhan
manh y nghia cua cai goi la khoang udc lugng d6 tin
cdy 95%: Néu chung ta thyc hién 1dy mau va tinh toan
khoang tin cdy 95% thi khoang tin cdy tinh ra c6 thé
chira hoic khong chira trung binh m. Nhung vé lau dai,
tirc s6 mau nhiéu dén v6 han, c6 95% s6 khoang tin ciy
that su chtra trung bmh quan thé m. Diu nay gitip sinh
vién khong hiéu sai Ve khoang tin cdy. Mot trong nhiing
cach hiéu sai 1a cho rang, xéc suat d¢ m nam trong mot
khoang tin cdy cu thé nao d6 14 0.95 (xem Hinh 4).

Bén canh do, giang vién con c6 thé minh hoa truc
quan hon qua mo phong trén R voi cac 1€nh sau:

set.seed(123)

n<-25

e<-qnorm(0.975)/sqrt(n)

x1<-x2<-¢()

for (iin 1:100){

xbar<-mean(rnorm(n))

x1[i]<-xbar-e

x2[i]<-xbar+e

}

plot(0,-1,ylim=c(0.2,10),main="95%
Intervals™)

y1<-y2<-seq(0.1,10.1,length.out=100)

for (iin 1:100){

if (x1[i]>0 || x2[i]<0){

segments(x1[i],y1[i],x2[i],y2[i],col="red”)

H

else{

segments(x1[i],y1[i],x

}

b

Xac suat c6 dieu kién va bai toan Monty Hall

Bai toan (hay nghich 1) Monty Hall 1an dau tién xuét
hién trén tap chi trén tap chi Scientific American nam
1959 trong phan “Trd choi toan hoc” va sau do tré nén

Confidence

2[i],y2[i])
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noi tiéng trong chuong trinh truyén hinh ctia Monty
Hall c6 tén Let’s Make a Deal. Bai toan con dugc goi la
“bai toan ba canh cfra trong d6 nguoi choi pha1 dbi mat
v6i ba canh cira gidéng hét nhau. Mot ctra gidu mot giai
thuong c6 gid tri, thudng 1a mot chiée 6 t6. Hai cira con
lai cat gidu cac giai thuong vo gia tri, chang han nhu
con dé. Sau khi khéach lya chon ban ddu cho mét cira,
ngudi dan chuong trinh, nguoi biét rd vi tri cta giai
thuong s€ mo mot ctra khong dugc nguoi choi chon va
cling 1a cira khong c6 giai thuong. Tiép theo, ngudi choi
dugc hoi liéu anh ta mudn giit lai lwra chon ban dau hay
mudn chuyén sang ctra con lai chua mé (xem Hinh 5).
Theo suy nghi thong thuong, viéc doi sang cira méi hay
giit lai cira ban diu c6 x4c sut 50%-50% vi sau cing
chi con lai hai canh cira va chi mot co phan thuong.
Tuy nhién, bang cach ap dung dinh 1i Bayes ciing nhu
cong thirc xac suat toan phan, xac suat co phan thuong
khi nguoi choi dbi sang cira méi 1a 2/3 thay vi 1/2. Vi
két luan nay phan anh tryc giac ban dau nén bai toan
con dugc goi la mot nghich 1i. Nghich li c6 thé dugce sir
dung trong giang day, dic biét 1a dung dé kich thich va
tao dong luc cho sinh vién tim hiéu céc cong thuc tinh
c¢6 diéu kién trong d6 xac suit phy thudc vao thong tin
ma ngudi tinh xac sut co duoc [9]. Giai thich nghich 1i
nay nhu 12 mot co hoi dé gido vién gidi thiéu cac cong
thirc nay cach ty nhién va hiéu qua. Dé cho vi du dugc
sinh dong hon, gido vién c6 thé sir dung R dé md phong
nhiéu lugt choi khac nhau va ghi nhan két qua véi cac
dong 1énh sau:

set.seed(123)

monty<-function(){

rand_door<-sample(1:3,1)

choice<-sample(1:3,1)

ifelse(choice==rand_door,’goat’,’car’)
h
n<-1000
trials<-replicate(n,monty())
table(trials)/n
(a)
Door #1 Door #2
? ? (b)
Choice = #1 Door #2 Door #3

Hinh 5: (a) 3 canh cita trong tro choi Monty Hall; (b) Nguoi
choi chon cwa #1, cita #3 dwoc mo va nguoi choi co
quyén chon lai cira #2 hodc van gitr cura #1.
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Bang sau cho thay mét s6 két qua mo phong voi cac
gia tri khac nhau cta n.

Bang 4: M6t s két qua mod phong

N 1000 10000 100000
Tile Céqua Khong Coéqua Khong Coqua  Khong
0.635 0.365 0.668 0.332 0.66796 0.33204

Khi n cang 16n, ti 18 c6 qua cang dan vé 2/3, ciing 1a
gia tri xac suat tinh theo cong thirc Bayes.

3. Két luan

Phuong phap mé phong Monte Carlo trong day hoc
Xac suat Thong ké noi chung chua duoc chi trong &
béc dai hoc Viét Nam. Qua bai viét, toi dwa ra cac goiy
str dung mo phong Monte Carlo thiét ké day hoc mot sb
van dé ciia mén hoc nhu cong thirc xac suit Bayes qua
bai toan Monty Hall, khai niém cta hoc phan Xac suit
Thong ké nhu khoang tin cdy, dinh li giéi han trung tim
gitip sinh vién hiéu cic cong thirc, khai niém, dinh li
mot cach truc tiép va dung ban chit. Trong cac nghién
ctru tiép theo, chung ti s& so sanh hiéu quéa day hoc cua
hai cach tiép can day hoc: truyén thong (khong sir dung
mo phdng) va céd sir dung mo phong Monte Carlo.
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ABSTRACT: The article aims to use R software to perform Monte Carlo
simulations of important concepts and theorems in the subject of Statistical
Probability. Based on the author’s teaching experience and knowledge, the

Statistical Probability textbooks used in most schools in Vietnam have not
focused on simulation methods when presenting the concepts of this subject.
This leads to many limitations in students’ learning and understanding,
especially difficult concepts such as the concept of confidence intervals, the
central limit theorem, and Bayes’s theorem. Using the Monte Carlo simulation
method in teaching Probability and Statistics can help students understand
the subject’s knowledge both intuitively and intrinsically.

KEYWORDS: Monte Carlo methods, probability and statistics.
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