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ABSTRACT

The aim of this paper is to study the model of diffusion process in one
dimension. The method of moments is used, as in Depauw and
Derrien (2009) and Chuong (2014) to prove that this process
converges in distribution to a normal law (Theorem 1.1). More
precisely, with L be the corresponding infinitesimal generator of the
previous process and a given function f, we solve the Poisson’s
equation Lg = f and then treat the limits of its solutions, the central

limit theorem is instantly given by the convergence of the moment.
TOM TAT

Muc tiéu chinh cua bai bao la nghién ciru mé hinh qua trinh khuéch
tan trong mgt chiéu. Su- dung phuong phdp nhu trong cdc bai bdo cua
Depauw and Derrien (2009) va Chuong (2014) dé ching minh sy hoi
tu theo phdn phoz dén phdn phéi chuan cia qud trinh dang xét (Pinh
Iy 1.1). Chi tiét hon, véi L la todn tir Markov cuc Vi Ciia qud trinh nhuw
trén va ham f cho trudc, bang cdch gidi phwong trinh Poisson
Lg = f roi sau d6 tim gidi han lién quan dén nghiém ciia né, khi dé
dinh ly giéi han trung tdm sé dwoc cho béi sy héi tu cua cdc moment.

Trich dan: Lam Hoang Chuong, Duwong Thi Bé Ba, Lé Hoai Nhan va Tran Thi Thién, 2019. Pinh 1y giéi
han trung tdm cho qua trinh khuéch tan trong khong gian mot chiéu. Tap chi Khoa hoc Truong
DPai hoc Can Tho. 55(6A): 37-41.

1 GIGI THIEU va f 1a ham do dugc trén khong gian trang thai
) , ‘ R.
Xét mot qua trinh khuéch tan(X,)»voi diéu o . o i N
kién ban dau X, = 0 va toan tir cuc vi duge xac Qua trinh k~huech tan trén théa man phuong
dinh boi trinh vi phan ngau nhién
br(x) b(x) dX, = o(X;)dB; + u(X,)dt 1.2
Lf(k) = s Q) + 55500 (1D ¢ = 0(Xp)dB; + u( f) (1.2)
trong d6 (B;);so la chuyén dong Brow, cac hé
trong do s&
a,b: R - (0; +00) lién tuc o2(x) = b(x)/a(x) va u(x) = [2b(x) +
b":R - R lién tuc b'(x)]/2a(x).
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Muc tiéu ciia bai bao 1a nghién ctru phan phdi
gidi han cua X, khi t - +oo.

Mb hinh qué trinh khuéch tan 1a mot qué trinh
ngau nhién c6 nhiéu Gng dung trong thuc té. Déc
biét trong vat ly dong luc hoc, no 1a sy “di chuyén”
ngau nhién ctia mét chat diém trén day dan dong
chat.

Trong pham vi bai bdo nay, mé hinh ctia mét
qua trinh khuéch tan (X, )., duoc xét trén khong

gian trang thai R c6 diéu kién ban dau X, =0.

Khi do, voi hé s6 chuén hoa, qué trinh da cho s&
hoi tu theo phan phdi dén quy luat chﬂuén khi thoi
gian T du I6n. Binh 1y d6 duoc phat biéu nhu sau

Pinh ly 1.1 Gig su liT a(x)=a>0 va
X—1T 00

v

_khi ¢ —> 4co. Phdn phoi gidi han nay bang 0
néu a = +oo hodgc g = 0.

Dist

. _ \Xe
xl_ll_rnoob(x) =f < +oo thz\/z—>

.z , . Dist L .
Trong biéu thirc trén, ——— ky hiéu cho hgi

tu theo phdn phéi cia cdc bi‘é'n ngdu nhién va
N(u,0?) la ludt phdan phoi chuan véi ky vong u va
phirong sai o2,

Vian dé nay ciing da dugc dé cap trong bai bao
cua Papanicolaou and Varadhan (1982) trong
truong hop nhiéu chiéu dugc chiung minh thong
qua phén tich Martingale va véi diéu kién cac ham
a(x) vab(x) bichan, tkc1la 0 < C < a(x),b(x) <
D < oo. Trong bai bdo nay chi can diéu kién
a(x) > 0 va b(x) < co. Hon nira, viéc chung minh
Dinh Iy 1.1 duoc tién hanh thong qua viéc sir dung
phuong phap moment.

2 PHUONG PHAP NGHIEN CUU

Trong tai li¢u cuia Billingsley (1995) Pinh ly
30.2 c6 dé cap dén phuong phap moment trong
nghién ctru dinh 1y gidi han trong 1y thuyét x4c suat
dugc trinh bay lai nhu sau:

Dinh ly 2.1 (Billingsley, 1995) Cho (Z;) o la
cde bién ngau nhién cing xdac dinh _trén mgt khong
gian xdc sudt va Z la mét bién ngdu nhién cé ludt
phdn phéi xdc sudt hoan toan dwoc xdc dinh béi
cdc moment ciia né. Néu lim E(zf) = ]E(Z{)) voi

t—+o , ,
moi £ = 1,2,3, ... thi Z; héi tu theo phdn phoi den
Z khit —» +oo.

%ff(t)g(t)dt—ﬁﬁ <
0

< P19 - oldt +5 2 [T F(0)de —

- [ row© - na +
0
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Mot tinh cht quan trong cua phan phdi chuan
duoc nhic lai nhu sau: néu Z~N (0, 02) thi véi moi
£=1,2,3,..

0 ,  £=2k-1
E{Z%} = {(21«)! -
Tk 0 £ = 2k.

Trong phén tiép theo Dinh Iy 2.1 s& dugc 4p
dung dé chitng minh Pinh 1y 1.1 véi

Zo = X,/Ntvaz~N(0,5).

Trong biéu thirc trén phuong sai dwoc ky hiéu

laoz=2
a

Bo ’dé 2.1 (Phuong trinh Poisson) Cho truoc
ham so P: R = R thi ton tai ham ¢: R - R sao
cho

{L¢ =

$(0) = 0.

Chu#ng minh. Toan t&r cuc vi cua quéa trinh
khuéch tan da cho duoc viét lai nhu sau

L0 = g (P )

T d6 dan dén phuong trinh Lp(x) =P (x)
tuong duwong véi phuong trinh — = )dx( (x )d¢)
Y(x).

Giéi truc tiép phuong trinh trén thi ¢(x) =
2a(w)Pp(w)dudv, x =0

2.1)

X
fv Ob(u) u=0

fVO xb(lv) Loy 2aY()dudy, x <O0.

bay la mot nghiém cua phuong trinh da cho. o

Bd dé 2.2 Cho f(x), g(x) la ham dwong, lién
tuc van € N. Gia sir

lim
X—+00 X

ff(t)dt =@, lim g0 =7

Néu @ va 7 hitu han thi
x [r—
uv

. n 3
i s [ Os0 =5 @2
Chung minh. Véi n=0 thi
lim = [ f(Dg(®)dt = uv.
That vay

%J-(f(t) — w)vdt
0
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Vi
cho vx = xo, dan dén |g(x) — 7| <.

lirln g(x)=7nén Ve>0,3x,>0 sao
X—+00

Khi do

X

1
- ro19 - vlat

0

=~ [ r@ig@ - viar
0

1 X
+2 [ F@lg@ - vlae <5

khi x du lon.
T Rpe s
Mit khacxl_l)rlloo;fo fdt =1u
nén Ve >0,3x, >0 sao cho Vx =>x, thi

7 Efoxf(t)dt - ﬁ| <v—=%

2

Suy ra

<g

. f F(Og®dt — ap
0

vGi moi € > 0 khi x du lon.

Bay gio gia su rang (2.2) ding cho n > 0, thi
no6 cling dung chon + 1, tac la
X
[ e r@gtea -

0

Pat W, = [“t"f(£)g(t)dt, s dung phuong
phap tich phan tirng phén thi

X

uv
n+2

1m
X—+o0 xN+2

o= [ @@
0
X
1
= xn+1 n+2 J— Wydt
0
= I - 12
Theo gia thuyét llm I1 , va hon nira
uv
12 I ——
n+1)(n+2)
X
1
= W,f W.dt
0
uv

T (n+Dn+2)
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X
uv
TL+1 dt
= xn+2f tn+1 (Tl + 1))
o ) o
uv
+ t"idt — —— | ———
xn+2 f n+2)|(n+1)
0
X
1 f gt W, o uv
xn+2 tn+1 (Tl + 1)
XO 1 _
uv
+ t"tde — —
xn+2 f n+2)(n+1)
<¢g

v&i moi & > 0 khi x du I6n. Tir d6 dan dén
X

f t" (D) gt)dt = %
0

lim
x—+00 xM+2

Nhu vay (2.2) da dugc chieng minh. o
3 KET QUA THUC HIEN
Ménh dé 2.1 Véi qud trinh khéch tan da cho

am B(5)} - 2

K2k’
luén ding véi méi k > 1.

2k

Chirng minh. Xét mot diy cac ham s khong
am fj, xac dinh trén R, sao cho

Lfx=fr-r , k21
fo=1 .
) =0 , k=1

Ap dung B6 @& 2.1 thi cac nghiém cua phuong
trinh d4 cho 1a

fb( fZa(u)dudv, x>0
filx) = “ 3
tvzfx@u:vaa(u)du dv, x<0
vavéimdik =2
fie(x) =
X 1 v
fv:OT,;) 0 2a()f,_,(Wdudv, x 20
0 0 .
fV:xTIU) oy 2a)f_ (Wdudv, x <0,

Khi d6 hai ménh d sau luon thoa

fulx) 2k o2k =
x—1>rinoo x2k (Zk)l = Ck (2.3)
va hon nita
k
E{fi (X0} = o7 VE>0  (2.4)
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vei méi k = 1. Khi k=1, E{fi(X)}=E{[;fo(X)ds}=
Chang minh (2.3). Xét truong hop x > 0. Khi fot ds = t.
do
A@ _ 1 x 1 2a(u)du dv Gia su (2.4) ding vai k, thi n(') cling dang cho
2 %z Jv=0 b u=0
x2  x x—>+oo(v)a , k + 1, thc 1a E{f,, 1 (X))} = (k+1)' ,Vt = 0.
—— =0 % .
B Lay ky vong
Gia st (2.3) dung véi k, thi né cling diing cho E{fi,, (X)) = E {fotfk(Xs)dS} _
k+1,tacla k+1 k+1
t ot o1tk e
lim D™ _ 2K k-2 Jy E{fie(Xs)}ds = k!fo TS = X0 T o
2k+2 '
Xt X (2ke+2)! Nhu vay (2.3) da duoc ching minh.
Tinh gidi han . .
i giotha e Khi 4o, VOI mol £>0,3M(e) >0 sao cho
X
lim 2] X%k g
. om x2k+2 V|x| > M thi f © o
1 AL _ .
= lim Jb(v) f 2a(u) f, (w)du dv Phan tich Q = {|X,| < M} U {|X,| > M}, ta ¢6
Xx—+00
2" 2 |E{(X_)} N |E{(X_) _ fklgxt)}
x , \/E k! Ck \/E t Ck
2k+1 J f 2k
= o2k a(w)u®*dudv X 1| fiu(Xe)
(2Kk)! x—>+oo x2k+ 2o ) Lo <E fi (XD - a th 1{|Xt|>M}
k+1 - 1 1
2 o2k +%E {|Xt2k - C_fk(Xt)| 1{|Xt|sM}}-
T’ k+ 1)(2k +2) K
ket Khi d6
= ————0 .
(2k +2)! E xzk 1| fi(Xe) 1 E fi (X0)
Tru A A X)) ol e My <E £
ruong hop x < 0, twong tu nhu trén. Nhu vay felXt)
(2.3) da dugc chiing minh. -t vk >1
k'™ ’ -
Ching minh (2.4). Vi f, € C? va qua trinh .
fi(Xy) thoa man phuong trinh vi phan ngiu nhién va
nén theo cong thuc Ito thi ik E {|Xt2k -1f (Xt)| 1gx |<M}} 0
t Ck ti=
dfi, X)) = fi(X X.)dB \
fe®o) = fie(X)o (X )dB, Nhu viy Ménh dé 2.1 da dugc chimg minh. o
+[ (X X \ .
1f Xu(Xo) Ménh d& 2.2 Véi qud trinh khéch tan da
' 2k-1
+ 2 D) | e cho tim (%)} =0
= fi(X)o(X)dB, + fiy (X)dt voimotk = 1.
v6i mdi k = 1, trong do f, = 1. ' Chizng minh. Xét mot chudi cac ham sb gy, xéac
o dinh trén R, sao cho
Tirdo Lok = gins k=1
90=0
k) = filko) + [ Do), @ =0 , k>1
0
- Khik =1
+ _1(Xy)ds.
jfk 1(Xs)ds Lg;(x) =0 ,VxER
0
: .z L s dan dén
Lay ky vong hai vé, véi moi k=1, thi
X
E{fe (X} = E{J; fees (X)ds}. 00 — foor @vr x2 0
1X) =19 0
fvzxﬁdv, x < 0
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Va véi mdi k = 2

gr(x) =

X 1 v
fvzoﬁ u=0
0 1 0
Jomx 5y Jumo

2a(u)gy—1(W)dudv, x =0
2a(u)gy—1(Wdudv, x < 0

Tuong ty nhu trén thi giGi han sau cling dung

gel) 2t —2k+2 _
x-too x2k=1 " B(2k — 1)! ? =die (25
va hon nita E{g, (X))} =0,vt>0. (2.6)

Khi do, v6i moi € > 0,3M(g) >0 sao cho

xzk—1 1
V|x| > M thi ——| <e.
gr(x)  dg
Phan tich Q= {|X| < M}u{|X,| > M},

thi|[E{(j—;)2k_1} - 0| =

(O

(j;)(f’le 8 dik} = ]E{ ;if;) “a (j;)gile 1{|xt|>M}}
+(\/f)% E { X2kt dikgk(xt) 1{|Xt|SM}}_
Khi dé
2k—
]E{ ;(,:(X:) _dik (g\/;;%l{lxtbm <eVk>1
va
1 1
T E{ X = g (Xo) 1peeon
% L

Nhu vay, Ménh d¢ 2.2 da dugc chirmg minh. o
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4 KET LUAN

Bai b4o da ching minh dinh 1y gidi han trung
tam cho qué trinh khuéch tan trén khong gian trang
thai Rthong qua viéc su dung phuong phap
moment. Ngoai ra, diém mau chdt trong bai toan
nay 1a co thé giai duoc phuong trinh Poisson twong
ung Vai toan tr cuc Vi L . Phuong phap nay dugc
ky vong c6 thé duge ap dung cho cac bai toan khac
c6 lién quan.
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